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Abstract. For a torus T defined over a global field K, we revisit an analytic class number formula 
obtained by Shyr in the 1970's as a generalization of Dirichlet's class number formula. We prove a 
local-global presentation of the quasi-discriminant of T, which enters into this formula, in terms of 
cocharacters of T. This presentation can serve as a more natural definition of this invariant. 

Introduction 

The well-known class number formula expresses the class number of a number field K in terms 
of other arithmetic invariants of K: 

where w is the number of roots of unity in K, A is the discriminant of K, p is the residue of the 
Dedekind Zeta-function of at s = 1, is the regulator of K and r (resp. t) is the number of real 
(resp. pairs of complex) embeddings of K. 

In the early 1960's, T. Ono defined in [Ono] analogues of these invariants for algebraic tori 
defined over both kinds of global fields, namely, the number field case (denoted by case (N)) and 
the case of algebraic function field in one variable over a finite field of constants Fg (denoted by 
case (F)). One of these invariants is the quasi-discriminant. As in the case of the discriminant of a 
global field, the quasi-discriminant of T is the volume of the fundamental domain of the maximal 
compact subgroup of T{Ak)/T{K) - where Ak is the adele ring - with respect to the Tamagawa 
measure. J. M. Shyr gave in [Shyrl] a similar definition in the case of algebraic Q-tori. In this 
new construction, other arithmetic invariants are taken from Ono's definition. This led him to a 
relation which can be viewed as an "analogue of the class number formula" for algebraic Q-tori. 
This relation can be generalized to tori defined over any global field K, as follows: 

cf^^^ := \AK\-'/'C^llL,il,XT)-u;,iT,iO,)) = (0.1) 

where Coo is an archimedean factor and Ak is the discriminant oi K, d = dimT. For any prime 
p of Kp is the complete localization of at p, Tp = T Kp, Tp{Op) is the maximal compact 
subgroup of Tp{Kp), Lp{s, xt) is the local Artin L-function and Wp is some Haar measure on Tp{Kp). 
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Pt is the residue of the global Artin L-function at s = 1, wt is the cardinality of the torsion part 
of the group of units of T, hx is the class number of T, Rt is the regulator of T (equal to 1 in 
case(F)), and tt is the Tamagawa number of T. This work is described in the fourth Section and 
on the Appendix. We call (>^^^ the Shyr invariant. 

Locally, let K he a, henselian local field with a ring of integers Op and a finite residue field k. 
Let T be an algebraic i('-torus splitting over a finite Galois extension L/K with Galois group T. 
We investigate the invariant Lp(l,XT) • Wp(T(C'p)). Ono defined the group T{Op) using the dual 
F-module, namely its group of characters. In order to measure it, we would like to describe it as 
a group of Op-points of some integral model. In the first Section we exhibit the properties and 
relation between two integral models of T, namely, the standard integral model X defined by V. E. 
Voskresenskii (which is of finite type), and the well-known Neron- Raynaud integral model T, (which 
is locally of finite type). After applying a smoothening process to X, the identity components of 
both models coincide. Let be the /c-scheme of the group of components of the reduction of T 
modulo p. In the second Section we prove that: 



In the third Section, we use a construction of Kottwitz in [Ko], to prove an isomorphism of k- 



of r and F is the Frobenuis automorphism generating F//. This isomorphism gives us another 
computation of the local component in Shyr's invariant: 



Globally, together with the infinite place information, we prove in the fourth Section our main 
Theorem, which can be viewed as a local-global result, in spirit of the Artin-Hasse conductor- 
discriminant formula: 

Main Theorem. 



From this formula one can see that the Shyr invariant can be decomposed into the product of the 
"arithmetic-geometric part" (related to the discriminant of the ground field) and the "algebraic" 
part (reflecting the Galois action on the cocharacters) . 

Acknowledgments. I thank B. Kunyavskii for his guidance and support. I also thank Q. Liu, T. 
Richarz and the referee for helpful comments. 



Lp(l,XT)-a;p(r(Op)) = |cI>T(fc)tor 



schemes <I>t(^) — {X,{T)i)'^^'^ where X,{T) is the cocharacter group of T, / is the inertia subgroup 



Lp(l, xt) ■ ^p(rp(Op)) = I ker (1 - F\X,{T)i) 



tor 
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1. Integral models of algebraic tori 

Let K be any field. An algebraic torus T is an algebraic i^-group such that T ®k L — '^m L ^^'^ 
some finite Galois extension L/K where Gm is the multiplicative group and d is the dimension of 
T. The smallest among such extensions is called the splitting field of T. We write T € C{L/K). 
We denote by X'{T) = Hom(T 0k L,Gm,L) the group of characters of T. For any intermediate 
field K C F C L, X*(T)p is the sublattice of characters defined over F. 

Now let K he a local field which is the complete localization of a global field with respect to a 
prime p. We denote by Op the ring of integers of K and by Up = Op its subgroup of units. Let 
k = Op/p be the residue field with cardinality q. Let T S C{L/K) and denote by L = Gal{L / K) 
the Galois group and by / its inertia subgroup. 

An Op-integral model of T is an Op-scheme M whose generic fiber M ®Op K is isomorphic to 
T. The reduction modulo p of M is its special fiber Mp = M k. Its identity component 
is an open subscheme of M which is the identity component of the special fiber, i.e. such that 
MO (g) = (M O kf (see [BLR, p.l54]). 

T. Ono defined T{Op) as the maximal compact subgroup of T{K) with respect to the p-adic 
topology. This was done using the group of characters (see [Ono, 2.1.3]): 

T{Op) = {x G T{K) : x{x) e Up Vx G X'{T)k}. 

However, in order to measure this group with respect to some local measure, this description may 
not be enough. We would like to write T{Op) as the group of Op-points of some group scheme. 
Toward this end, we consider two integral models of T. 

1.1. The standard integral model. The following construction is due to V. E. Voskresenskii and 
can be found in [Pop, §1]. Notations are as above and suppose that (L : K) = n and dimT = d. 
Then X*{T) is spanned as a Z-lattice by a basis {xi}i=i- The Hopf algebra B = {L[X*{T)]y is 
the coordinate ring of T. The isomorphism T 0k L = Gf^ is equivalent to the isomorphism of 
L-algebras: B 0k L = LB = L[X'{T)]. Let {uji}f^i be an integral basis of L over K. Then 

L[X'{T)] = Bui® ...e Bujn- 

Thus there are linear combinations: 

(1) , , H U) r- D 

x-^ = 2/JV + ... + 2/fW, y?eB. 



Definition 1. A{X'{T)) = Op[xY',yli^] is a Hopf Op-algebra. The group Op-scheme X = 
Spec A{X*(T)) is called the standard integral model of T. 

Remark 1.1. ([Vos, § 10.3]) Being obtained from a linear representation, X is of finite type over 
Op, and is reduced and faithfully flat. Further, X{Op) = T{Op) is the maximal compact subgroup 
of T{K) with respect to the p-adic topology. 

1.2. The Neron- Raynaud integral model and relations to the standard model. Let K^^ 

be the strict henselization of K and be its ring of integers. We refer to the Neron-Raynaud 
(NR for short) model T of T which is locally of finite type over Of, as defined in [BLR, ch. 10] 
and satisfying T{Of) = T{K''^). 

Remark 1.2. A local ring is strictly henselian if its residue field is separably closed. In our cases 
(N) and (F) the residue field of any complete localization is perfect, thus K^^ is the maximal 
unramified extension of K and it is a Galois over K. Let Fsh = Gal{K''^/K). The Fsh-invariant 
subgroup of T{Of) = T{K^^) is then T(Op) = T{K). Indeed, as T is separated, the canonical 
map T(Op) — 7> T(K) is injective. It is also surjective by the universal property of the NR-model. 

The following construction can be found in [VKM]. Let = T (8) L = G^j^. Let Otp be 
the ring of integers of L and let 71 be the NR-model of defined over it. The Op-scheme 
S = Ro<if/OfO'L) obtained by the Weil restriction of scalars, is the NR-model of ii = Ri/k{Tl)- 
Its identity component is = Ro^/o^ {^m c^)- Let M be the schematic closure of T in S induced 
by the canonical embedding T ^ R. The standard Op-model X of T is isomorphic to TV H (see 
[VKM, Prop. 6], the proof there is for p-adic fields but the arguments are valid also in case (F)). 

Lemma 1.3. X° = 7V°. 

Proof, f^^ = {J\fn 5°)° = X°. □ 

The schemes J\f and X are not necessarily smooth, i.e., their special fibers may not be reduced. 
To achieve the desired smooth NR-model T, one should apply the smoothening process (see [BLR, 
Chap. 3]). It is sufficient to control the defect of smoothness over X = MnS^ ([BLR, Prop. 10.1/4]). 
Thus the equality of the identity components of the two models is preserved. We denote the obtained 
smooth standard model by X^m- As the ring representing X is Notherian, this process consists of 
blowing up finitely many maximal ideals and Xsm remains of finite type. Moreover, by definition, 
the generic fibers of and X are isomorphic. 

Corollary 1.4. = 7^. 
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2. Reductions and local volume computations 

2.1. Rational points of the group of components. Denote by i : Spec A: Spec Op the 
canonical closed immersion of the special point. We call the /c-scheme $t = i*{l~/'T^) the group of 
components of T. There is an exact sequence of A;-schemes: 

where 7p = 'i*{T) and = i*{T^). Let / be the residue field of L and let g = Gal{l/k). Since k is 
finite and is affine and connected, by Lang's Theorem (see [Scr, Ch. VI, Prop. 5]), H^{q,T^(1)) 
is trivial implying the exactness of: 

1^7^{k)^%{k)^'^T{k)^l. (2.1) 

Consider the map composition: 

T{K) = nO,)^Tpik)^^T{k) 

where r is the reduction modulo p map and (p is the map in (2.1). As T is smooth and Op is complete 
(and therefore henselian), r is surjective (see [BLR, Prop. 2.3/5]). Since (p is also surjective and 
the kernel of r o is well-known to be T^(Op) (see, e.g., [Gon, p. 1153]), we obtain: 

Lemma 2.1. T{K)/T^{Op) ^ %{k)/T^{k) = $t(A:). 

The same construction for the smooth standard model with its group of components (f)T = 
z*(Xsm/^sm) leads to the corresponding isomorphism of abelian groups: 

XUO,)/XUO,) = Mk). (2.2) 
Lemma 2.2. X,„(Op)/7^(Op) ^ Mk) = <^T{k)tor. 

Proof. By Corollary 1.4, X^j^{Op) = T^{Op). Recall that T is the smooth schematic closure TVsm 
of r in 5 = Ro<^,/Op{Tl), whereas X^m = A4m H (see (1-2)). Thus as an abelian group: 

riOp)/x,^{Op) c s{Op)/s^{Op) ^ <^R{k), 

where is the group of component of i?j^//^(G^^) and it is free (see [Xar, Lem. 2.6]). We get a 
decomposition of abelian groups: 

$T(fe) = T{K)/T^{Op) ^ T{Op)/XUOp) X Xsn,(Op)/7-°(Op) 

on which the first factor is free and the second is finite (see Remark 1.1) and therefore is the torsion 
part of <I>T(/f:)- □ 



2.2. local volume computations. As K is locally compact, it admits a left invariant Haar mea- 
sure. We normalize such an additive measure dx on K by requiring: dx{p) = q~^, which is 
equivalent to dx{Op) = 1. This induces a multiplicative Haar measure Up on the group of points 
T{K) (see [Weil, § 2.2]). 

Definition 2. Let M be one of the aforementioned Op-models of a ii'-torus T, namely the (smooth) 
standard model or the NR one. We call the reduction of M ^^good" if is a fc-torus. As the 
identity components of these two models coincide, the definition of good reduction does not depend 
on the choice of a model. 

Proposition 2.3. ([NX, Prop. 1.1]) A K-torus T has good reduction if and only if it splits over 
an unramified extension. This means that I acts trivially on X*(T). 

Remark 2.4. ([NX, Prop. 1.2]) Let Y and N be the kernel and image of the map 

^r:X•(^)^x•(^)^ x^E^"- 

Then the exact sequence: 

^ X'{T) ^0 

induces an exact sequence of i^T-tori: 

l^Ti^T^Ta^l (2.3) 

on which T/ is the maximal subtorus of T having good reduction whereas Ta is I -anisotropic, i.e. 
X*{Ta)^ = {0}, standing extremely on the other edge with regard to the good reduction one. 
Sequence (2.3) shows that any torus is an extension of such two pieces. 

Remark 2.5. [NX, Thm. 1.3] Let r(p) be the toric part of 7^. There is an isomorphism of T/I- 
modules: 

X'(r(p)) ^ X'{Ti) ^ X'{T)/kei{X'{T) % X'{tY). 

Remark 2.6. A i^-torus T admits a finite type NR-model T if and only if T ®k does not 
contain any subgroup of type Gm (see [BLR, 10.2.1]), i.e., it is /-anisotropic. In this case T coincides 
with the smooth standard model Xgm (see [Pop, Prop. 10.8]). 

We briefly introduce now the local Artin functions which serve as a system of convergence 
factors in the infinite product of local measures on the global Shyr invariant (see formula (0.1)). 
The following definitions can be found in [Vos, § 13] and in [ • Chap. VII, § 10.1]. The Galois 
group of the maximal unramified subextension in L/K, namely T/I, is isomorphic to g = Gal{l/k) 
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and is generated by the Frobenius automorphism F. q acts naturally on X*(T) 
integral representation: 



^ , inducing an 



h-.Q^ Aut{X'{TY) ^ GLd,(Z), di = iank{X'{TY). 



Denote the character of this representation by xt- 



Definition 2.7. The local Artin L-function for T is defined by 

Lf{s, XT, L/K) = Lp{s, xt) = det I Id - 



h{F) 



) 



-1 



where s G C with Re{s) > 1. 
Theorem 2.8. [Vos, Thm. 14.3/3] 

IfT splits over an unramified extension then: \T{k)\ ■ q~'^ = Lp{l,XT)~^ , d = diniT. 

Definition 2.9. Let Gi,G2 be algebraic groups defined over a field K. An isogeny A : Gi — )■ G2 
is a surjective homomorphism of algebraic groups with finite kernel. We denote it by A : Gi ^ G2. 

Theorem 2.10. ([Xar, 2.19]) Let T he an algebraic torus defined over a local field K splitting over 
a Galois extension L with inertia subgroup I. $5" is torsion-free if and only if H^{I,X'{T)) = 0. 

As one can observe from Theorem 2.10, the abelian group H^{I, X*{T)) which is isomorphic by 
Tate-duality to H^{I,T), measures the lack of connectedness of the torsion part in ^xik)- As this 
property is not invariant under isogeny, according to Corollary 2.2, this prevents at the same time 
the Shyr invariant to be respected by an isogeny of tori. 



Proposition 2.11. ([Quo, §1.3.1]) Let K he any field and L be a finite Galois extension with 
T = Gal{L/K). LetT*,T £C{L/K). Then: 



Lemma 2.12. Let T*,T be K-isogenous tori. Then the toric parts of their reductions are k- 
isogenous. 

Proof. Consider the two exact sequence of F-modules for T and T*, induced by the canonical 
decomposition (2.3). Since Q is flat as a Z-module, exactness is preserved after tensoring with it: 



T* ^ T ^ X*{T*) X'{T)(^q as T-modules. 



^ X'{Ta) X'{T)(^q^ X'{Tj)(g)Q^O 



^ X'{T*) ® Q ^ X*{T*) (g) Q ^ X'{T[) ® Q ^ 0. 
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Recall from Theorem 2.5 that: 

X*{Ti) ^ X'{T)/ker{X'{T) % X'{tY). 

As T and T* are i^-isogenous, according to Theorem 2.11, X'{T) cg)Q = X'{T*)®Q and therefore: 

ker(X'(r) (g) Q 4 X'{tY (g) Q) = ker(X'(r*) Q ^ X*{T*Y ® Q) 

implying that X'{Tj) eg) Q = X*{Tf) Q. By Remark (2.5) this is equivalent to an isomorphism of 
their reduction toric part as g = Ga/(//A;)-modules: 

x'(r(;))0Q^x'(r(p))®Q, 

which again by Proposition 2.11 implies that T^*-j and Tj^p^ are fc-isogenous. □ 

We consider another good reduction torus associated to T, namely, the factor torus corre- 
sponding to the F-module X*{T)^ . 

Lemma 2.13. Tj and are K-isogenous. 

Proof. Consider again the canonical decomposition of T-modules (2.4): 

^ X'{Ta) X'{T) % X'{Ti) 0. 
Taking the /-invariants gives the long exact sequence: 

^ X'{TaY = ^ X'{tY X'{TiY = X'{Tj) H^{I,Ta). 

The finiteness of H^{I,Ta) implies the one of coker(X*(T)^ — > X'(Tj)), which means that the Z- 
lattice X*{T)^ is a sublattice of finite index in the Z-lattice X*{Tj). Back to X-tori, this indicates 
that the corresponding epimorphism T/ — )• has a finite kernel. □ 

Proposition 2.14. a;p(7^(Op)) = \T^{k)\-q~'^ = Lp(l,XT)^^. 

Proof. is the reduction preimage of the fc-group 7^, thus it is smooth and therefore the reduction 
of points T^{Op) — )■ T^{k) is surjective. Consider the exact sequence: 

1 ^ r\Op) ^ r°(Op) ^ T^ik) ^ 1. (2.4) 

The reduction image of T^(C'p) is the d-tuple (1,..,1) in 7^{k) where d = dimT^ = dimT. It 
is isomorphic to another preimage of this map, namely (1 -|- p)'^, which is homeomorphic to the 
additive group p'^ implying that ujp{T^ {Op)) = Af=i dxi{p'^) = and consequently by (2.4): 

L0p{T^{Op)) = \T^{k)\-q~'^. 
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As for the right hand equahty of the Proposition, is an affine smooth and connected /c-group 
(see [NX, §1]). It has a canonical decomposition over k: 

where T(p) is a A;-torus and {/ is a unipotent /c-group. U is isomorphic to an affine space A^™^ 
thus \U{k)\ = g'i™^ and therefore: |7^(A;)| • q-'^ = \T^p){k)\ ■ q-'^' where di = dimT(p). Let T/ 
be the maximal subtorus of T with good reduction. From Remark 2.5, X,(T/) = X,(T(p)) as 
r/J- modules. Thus we may deduce that T(p) is the reduction of T/, splitting over an unramified 
extension. Hence by Theorem 2.8 |T(p)(A;)| • q~'^' = Lp{l,XTi)~^ ■ According to Lemma 2.13, Tj 
and are X-isogenous. These tori have good reduction, thus due to Lemma 2.12 their reductions 
(being A;-tori) are /c-isogenous, implying that their L-functions coincide (see [Vos, p. 106]). In 
particular Lp(l, XTj) is equal to Lp(l, Xt') which is by definition equal to Lp(l, xt)- D 

As noted in Remark 1.1, X{Op) is the maximal compact subgroup of T[K). Further, it is equal 
to Xsm(Cp) (see [BLR, §3.1 Def. 1]). From Lemmas 2.2 and 2.14 the local component in the Shyr 
invariant can be computed by: 

Corollary 2.15. Lp(l, xt) • ^p(^.m(Op)) = (X,^(Op) : T^{Op)) = \^T{h)tor\- 



3. Relation with the cocharacter group 

The following construction can be found in [Ko, §7.2]. It was originally defined over a p-adic 
field but as we shall see, it can be applied also in case (F). Let K^^ be the strict henselization of 
the local field in a separable closure Kg. As K^^ is the maximal unramified extension of K, 
the group Gal{Ks/ K^^) is the inertia subgroup / of the absolute one Gal{Ks/ K). R. Kottwitz 
extends the canonical epimorphism {K^^)^ — )• Z with kernel equal to the group of units of K^^, to 
an epimorphism 

ICt : r(if^^) ^ X,{T)i 

where the latter group is the /-coinvariants of the cocharacter group. Let T be the NR-model of 
T defined over the ring of integers of K^^. 

Lemma 3.1. ker (/Ct) = T^iOf"). 

Proof. As noted in the first line of the proof of [LIR, Prop. 3, p. 189], ker(/Cr) is the unique Iwahori 
subgroup of T(i^'^'^). Thus, by [flR], Definition 1, p. 188, and the statement of the cited proposition, 
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ker(/Cr) coincides with T^(Op^) (see [RP, Remarks 2.2.(iii)]). Note that the proof apphes to any 
strictly hensehan discretely- valued field and therefore covers both cases (N) and (F). □ 

Since the residue field of A''^'^ is ks, the group of components of T splits over it, i.e. = ^t- 

Hence together with Lemma 2.1, the Kottwitz construction gives rise to an isomorphism 

T(A"'^)/7^(Of)^$T = ^.(T)/. (3.1) 
Now let T be defined over K and let T be its NR- model. The absolute group 0sop = Gal{ks/k) 
being generated by the Frobenuis automorphism F, is identified with Fgh = Gal{K^^ / K). The 
scheme has a geometrically connected fiber. Moreover, it is affine over Op (see [KM, Prop. 3] 
and [BLR, p. 290]). Thus by Lang's Theorem, the cohomology group 

HH{F),T^{Of)) = H\{F),T'{ks)) 

where k is considered as a Op-algebra, is trivial. Hence taking the Pgh-invariants of (3.1) gives rise 
to an epimorphism (see [Ko, 7.6.2]): 

T{K) ^ (X.(T),)<^) 

with kernel equals to T^{0^) PI T[K) = 'T^{Op). Again by Lemma 2.1 and Corollary 2.15 we get: 
Corollary 3.2. 

T{K)/T^{Op) ^ ^T{k) ^ ker(l - F\X,{T)i). 

and: 

Xsra{Op)/T^{Op) ^ ^T{k)tor = ker(l - F\X.{T)j)tor. 

Example 3.3. Let L be a cyclic extension of K with Galois group P = {a). Let R = Ri/j^{Gm) 
be the corresponding Weil torus, i.e., such that for any AT-algebra B, R{B) = {B L)^ . The norm 
torus T' = R^^jj^{Gm) is the kernel of the norm map Ni^/j^ : R — )• Gm,K, mapping any element 
of R{B) to the product of its images under all Galois automorphisms. Suppose L/K is totally 
ramified, i.e., / = P. Then T' is an /-anisotropic torus. Its NR-model T' which is of finite type, 
coincides with the smooth standard one X!,^ (see Remark 2.6). Note that the character group 
X*[R) = Z[P] (see [Vos, §3.12]), coincides as a P-module with the group of cocharacters: 

X,{R) = Hom(G„,i?® L) = Hom(Z,Z[P]) = Z[P] = X'{R). 

Since P is cyclic, T is isomorphic as a P-module to the projective group P = R/Gm (see [LL, 
p. 22]). The exact sequences of i^-tori: 

l^T'^R^Gm^l 
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induce the exact sequences of dual modules: 

O^Z^ X'{R) X'{T') 

^ Z ^ X.{R) X,{P) 0. 

We get an isomorphism of F-modules: X,{T') = X,{P) = X'{T'). Explicitly we have 

^sm(e>p)/r'°(Op) = X.{T')j = ^z{a]/Y,^'^ /(I -^)=f^n 

thus by Corollary 2.15 we get Lp(l,XT') ■'^p(-^sm(C'p)) = n- More generally, for any extension L/K, 
we have X!,^{Op)/T'^{Op) = (j)T' = fie where e is the ramification index (see [Pop, Thm. 3]). 



4. Ono and Shyr invariants 

In the following Section we briefly describe the analogues of the arithmetic invariants of number 
fields for algebraic tori as defined by Ono, and the analogue of the classical class number formula 
for algebraic Q-tori, as formulated by Ono and Shyr. This construction is generalized to ET-tori 
where K is any global field. Finally, our local results will be inserted in these invariant formulas. 

4.1. Arithmetical invariants of algebraic tori. 

Notation 4.1. Let K he a global field, i.e., either a number field or an algebraic function field in 
one variable over a finite field of constants Fg. We denote: 

Ak - the discriminant of K. In case (F) equals to g^^"^ where g is the genus of K. 

S - a, finite set of valuations of K which contains the set 5oo of the archimedean ones. 

Ky - the completion of K with respect to a valuation v £ S. 

Oy - the ring of integers of and Uy = Oy - its subgroup of units. 

Ty = T®Ky and Ty{Oy) = {x e Ty{K,:) : x{x) ^Uy^x^ X•{T)K^. 

If f = p is a prime, Tp(Op) is the maximal compact subgroup of Tp(i^p), 

*P is a prime of L lying over p, Fp = Gal{L^ / Kp) and Ip is the inertia subgroup. 

In Definition 2.7 we defined the local Artin L- function. Globally, consider the action of F on 
X*[T) and the corresponding representation F Aut{X'[T)) = GL„(Z). Its character xt is 
decomposed into a sum of irreducible characters of F with integral coefficients: 

m 

XT = ^OiXi, ai ez 

i=l 
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where xi is the principal character. 

The global Artin L-function is defined by the Euler product: 

L{s,xt) = L{s,XT,L/K) = Y{Lp{s,XTp,L<:(s/Kp) 

p 

again with Re{s) > 1, having a pole at s = 1 of order ai. 

Definition 3. The quasi-residue of T is the limit: 

PT = lim(s-irL{s,XT). 

Following Ono in [ ], for any finite set of places S which contains 5*00 we define Ta{S) = 
Ylves^^ Ylv^s'^'^i^t-')- Then the adelic group Ta is the inductive limit of Ta{S) with respect to 5. 
The group of S -units is Tk{S) = Tk^Ta{S). The group of units of T is then Tk{S oo) where is 
the set of archimedean places, which are the elements of F composed with the absolute norm | • loo- 
Theorem 4.2. Shyr's generalization of Dirichlet Unit Theorem - see [Shyr2] 
The group Tk{S) is a direct product of the finite group Tk n T| where: = YlyT^iO^) and a 
group isomorphic to 77'^^^'"^ where: r{S) = '^Zv^s'''^- 

Let T be a Q-torus and let = rank{X'{T)Q), r^o = rank{X*{T)R). Let be a Z-basis 

of X*{T)k such that {fjj^i is a Z-basis of X*{T)q. Then the group of units Tk{Soo) is decomposed 
into W X E where W is finite and E = We denote wt = \W\. 

Definition 4. Let {ejYj'^j.Q+i a Z-basis of E. The number Rt = \ det(ln \Ci{&j)\rQ+i<j<roa)\ is 
called the regulator of T over Q. Geometrically, this number represents (as for number fields) the 
volume of the fundamental domain for the free part of group of units. 

We set: T\ = {x GTa : x{x) € /j^ Vx G X'{T)k} where l}^ = {a e Ik ■ = 1} and Ir 

denotes the idele group. It is the maximal subgroup of T{Ak) such that T\/T{K) is compact. 

Definition 5. The class number of T is the finite index: 

r [Ta-.Tk-T^-'] case(N) 
hT={ 

{ [T\:TK-Tt] case(F) 

The global measure is obtained by the infinite product of these local measures, multiplied by a 

set of convergence local factors, namely, the Artin local L-functions Lp(l,XT): 

r = pi^^lA^r^ JJwj, J^Lp(l,XT)^p 

v\oo P 
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This is called the Taniagawa measure. This measure applied to npTp(C'p) is convergent - almost 
all primes are unramified on which Lp{l,XT) " Wp(Tp(Op)) = 1. 

4.2. The quasi-discriminant definition. The geometrical meaning of a global field discriminant 
is the volume of a fundamental domain of its ring of integers. An analogue for the case of an 
algebraic torus T defined over a global field, called the ^^quasi-discriminant" of T, is the volume 
- with respect to some normalized Haar measure - of the fundamental domain of the maximal 
compact subgroup of T{Ak)/T{K). In the next Section we refer to two similar analogues, given 
by T. Ono and J. M. Shyr, to this invariant in the case of algebraic tori. 

4.2.1. Ono's invariant. The following construction can be found in [Ono]. Let {Xi}l=i be a Z-basis 
of X'{T)k- Consider the epimorphism ip : Ta ^ defined by 

a ^ {ln\xi{a)\)i<i<rj^. 

It yields the isomorphism Ta/T\ = M^. For a Haar measure d defined on T^, consider the 
decomposition 

d{TA/TK) = d{TA/T\) ■ d{T\/TK). 
Let tx be the puUback of the Haar measure on from Ta/T\. Define the normalized 

Haar measure Qt on Ta, i.e., such that J^i^^^ d{QT/tK) = 1- 

Definition 6. Comparing the measure VlT/tK with the Tamagawa measure gives the constant 

^Ono _ 
Op 



Now assume = Q. Let {^iYi=i be a Z-basis of X*{T)^ such that {.^j}^^]^ is a Z-basis of 
X'{T)q. Define $o : ^ by 

X ^ (ln|Ci(2;)|)i<i<r-oc- 

By the unit Theorem, rank(C/) = r^o — r. Let {cj}^^^^^^ be a Z-basis of E and consider the 
parallelotope: 

^0 = I £ A,$o(ej) : < A,- < 1 i . 

This is the fundamental domain of E on R^"""^*} and its Euclidean volume is the regulator Rp. 
This domain niciy be exteiideci to dinieiision by the cube (1 < \j < e)i<j<rQ- The extended 
embedding $ : T^°° — )■ R*""" defined by = ^o{xoo) (ignoring the non-archimedean places 

components), gives rise to a parallelotope P by a continuation of a unit cube on R**"". Thus the 
Euclidean volume of P on R''°° remains Rt- 
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Lemma 4.3. ([Ono, 3.8.5]) ji^-if^p^d{^T/t(Q) = wr/hr- 

Denote by / the unit cube in R*""". Define by Moo the cxd component of $~^(/), i.e., 

Moo = {X G Tk : 1 < Mx)\oo < e, 1 < i < Too}. 

The regulator, being the Euclidean volume of P on IR''°°, is obtained by 

/$-i(P) d{nT/tQ) 

hence we get 

Ono ^ (^-Upy. ^ RtUJt{'^^\I)) ^ RtJm^UJ^ Up Lpil,XTH 



RtHt 



Jm^ „ JT„{0«) 



According to Theorem 4.2, the group of units of T defined over any number field K has a 
decomposition Tz — W x E on which the group E is isomorphic to and \W\ = wt- Hence 

Ono's result can be generalized to an algebraic torus defined over any number field by including 
the discriminant which is different from 1 in the general case. Recall that 

p 

Hence 



J Mac \ JTJOt,) 



Remark 4.4. This generalization is not required in case (F) on which the group of units of T has 
no free part, and thus has no regulator. Indeed, Ono's result in that case is not restricted to Fg(x) 
being the analogue of Q, and Ono's formula does include the discriminant there. We will write this 
formula explicitly in Section (5). 

4.2.2. Shyr's invariant. J. M. Shyr in [Shyrl] gave a similar definition to the one of Ono in 
the case of algebraic Q-tori. Consider the decomposition of a local measure d into dT^{K^) = 
diTyiK^) iTyiOy)) ■ dTy(Oi,). The measure Ui, is defined by the pullback of the measure "j^''" on 
(and the canonical discrete measure on W'' , respectively) for T„(J^t,)/Ty(0.y), matched together 
with the normalized Haar measure on Ty{Oy). Then the measure i't is defined by the infinite prod- 
uct Vy and vt{Ta/Tk) = VTiTA/T'^). In this new construction, the other arithmetic invariants 
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are taken from Ono's definition. Explicitly global Shyr invariant is computed by: 

C^^"" = / WooTT / Lp(l,XT)Wp. 

Shyr obtained a relation between the Haar measures: tt = p^^c^^^i'T- This led him to a formula 
reflecting the relation between the other arithmetic invariants of T which can be viewed as a torus 
analogue of the class number formula, namely: 

Shyr _ PTTTWT . . 

"■^ ~ hrRT ■ ^ ' 

As we have done in (4.1), due to the generalization of the unit Theorem, this result can be 

generalized to an algebraic torus T defined over any number field K on which the field discriminant 

may not be 1. In that general case we would get 

4"^' = cot{<^-\I)) = lA^r^/' / coooU f hihXrH- (4.3) 

JM^ p JTfiOf.) 

The number Dt = l/^c^^"^)"^ is called the quasi- discriminant of T over K. 

4.3. Main Theorem. With the above notations, using our previous local results, namely, Corol- 
laries 2.15 and 3.2, we now get to the following computation of the Shyr invariant as appears in 
(4.3) with the relation in (4.2). 

Theorem 4.5. For any prime p of K , let Fp be the local Frohenius automorphism, let X,(Tp) he 
the cocharacter group of Tp = T Kp and let X,(Tp)j^ be its coinvariants factor group. Then: 

^SKyr ^ lA^r^/^Co. JJ |ker(l - Fp|X.(rp),J,„.| - 



where 

( /a/^Woo case(N) 

Coo = \ 

( (Inqy^ case(F) 

and = Rt = in case(F). 



5. Appendix: Tori defined over algebraic function fields 

Let X be a smooth, projective and irreducible algebraic curve of genus g defined over and 
let y be a finite Galois cover of X. Let K = Fg(X) and L = ¥q{Y) be the corresponding fields of 
rational functions. Then L/K is a finite Galois extension with T = Gal{L/K). Let T S C{L/K) 
be an algebraic torus of dimension d. 

Just as for number fields, let Up be a normalized invariant form on Kp, i.e., such that u}p{Op) = 1. 
Since degp = {Op/p : Fg), we have jOp/pl = g'^'^^f. Hence the normalization condition implies 

15 



'^p(p) = Q. '^'^^^ ■ The infinite product rip"^? which is multiphed by the set Lp{l,XT, L/K) as a 
system of correcting factors, induces the Tamagawa measure on T (see [Weil, § 2.2]): 

a;^ = g-(9-i)<iJjLp(l,XTH, d = dimr. 
P 

Define the normahzed measure on by the condition J^i^^^ dil.T = 1- 
Then ujt = (lng)^'*'cy"°ilT, reflecting the decomposition 

d{TA/TK) = d{TA/T\) ■ d{T\/TK) 

on which Ta/T\ is given the measure (Ing)*^'^ (see [Ono, § 3.2]). Hence in this case we get the 
relation: 

rT, = ^ = ^^np/r,(0,)-^p(l^XT)a^p 
(In qyKqd{9~i) 

As in Shyr's approach, consider the decomposition 

Ta/Tk ^ {Ta/tX} X (t\/T^-^Tk) X (t^-^Tk/Tk) • 
By the same construction as in (4.2.2), ^tIta/t^ ~ and therefore: 

Pj, UJt[Ta/Tk) = tK[TA/TA) ■ TT = , , 1. • TT. 

fJ-T^A/J^A) 

Now, as we gave the measure (In qY'^ to each point in Ta/T^ we get 

-1 \ Pt{Ta/Tk) 

Pt ^t{Ta/Tk) = TT ■ ■ 



Thus over Ta/Tk we have Pj^ux ■ (Ing)*"^ = ttPt- 

Since here there are no archimedean places, we have T^°° = Hp ^p(Cp) = 
Now hr = {T\ : T^°°Tk) and T^^Tk/Tk = T^°° /W where W is finite. 
Thus d^^' = ^(Tf°°). But: rf°° C T\ and so: J^T(rf°°) = 1. Hence 

4'^^ = ^in-) = ^^^n^p(i'^^H(^p(^p))- (5-2) 

From the equation above tt = p^^c^^^ux, we get the following relation, which can be viewed as a 
class number formula analogue for algebraic tori defined over function fields: 

Cj, - — [Ij^ ) - ptttPt[.J-a ) - — I — • yp-^) 

Vj- tlx 

Note that this result is none other than formula (5.1) obtained by T. Ono (see [Ono, 3.8.10']). 
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